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HIGGS BUNDLES, PSEUDO-HYPERBOLIC GEOMETRY AND
MAXIMAL REPRESENTATIONS
JE´RE´MY TOULISSE
Abstract. These notes are an extended version of a talk given by the author
in the seminar The´orie Spectrale et Ge´ome´trie at the Institut Fourier in No-
vember 2016. We present here some aspects of a work in collaboration with B.
Collier and N. Tholozan [CTT17]. We describe how Higgs bundle theory and
pseudo-hyperbolic geometry interfere in the study of maximal representations
into Hermitian Lie groups of rank 2.
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Introduction
In this paper, Σ will denote a closed oriented surface of genus g > 1 and Γ its
fundamental group.
The Teichmu¨ller space T (Σ) is the space of isotopy classes of complex structures
on Σ. By the Uniformization Theorem, T (Σ) is identified with the space of hyper-
bolic structures on Σ (modulo isotopy). Each hyperbolic surface being isometric to
the quotient of the hyperbolic disk by a discrete subgroup of the isometry group
Isom+(H2), T (Σ) is identified with the space of conjugacy classes of discrete and
faithful representations ρ : Γ→ Isom+(H2) (also called Fuchsian representations).
By a result of Teichmu¨ller, T (Σ) is diffeomorphic to R6g−6. Because T (Σ) is the
deformation space of complex structures on Σ, it is naturally a complex manifold.
The corresponding complex structure is compatible with the Goldman symplectic
form, turning T (Σ) into a Ka¨hler manifold (the corresponding Ka¨hler metric is the
Weil-Petersson metric).
Date: September 20, 2017.
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The concept of maximal representation of Γ into a Hermitian Lie group G pro-
vides a natural generalization of Fuchsian representations in higher rank Lie groups.
These representations share many nice geometrical and dynamical properties with
Fuchsian representations. However, the intricate geometry of the corresponding
symmetric spaces make the study of these representations difficult. Note also that
the set Rmax(Γ, G) of conjugacy classes of maximal representations is generally not
connected and carries no “natural” complex structure.
In these notes, we are interested in maximal representations ρ : Γ → G, where
G is a Hermitian Lie group of rank 2. By rigidity results of S. Bradlow, O. Garc´ıa-
Prada and P. Gothen [BGPG06] (see also M. Burger, A. Iozzi and A. Wienhard
[BIW10] for the general case), it is sufficient to understand maximal representations
into G := SO0(2, n+ 1) for n > 1.
Our main idea is to consider the action of maximal representations on the pseudo-
hyperbolic space H2,n. This is a pseudo-Riemannian symmetric space of signature
(2, n) and constant curvature −1. Because of this curvature property, its geometry
is somehow easier to understand than that of the Riemannian symmetric space.
Recall that an embedding into a pseudo-Riemannian manifold is space-like if the
induced metric is Riemannian and is maximal if any local deformation decreases
the area.
The main result is the following:
Main Theorem. For any maximal representation ρ : Γ→ G, there exists a unique
ρ-equivariant maximal space-like embedding u : Σ˜→ H2,n.
The existence part uses the theory of Higgs bundles. More precisely, we show that
the Higgs bundle associated to a ρ-equivariant minimal surface into the Riemannian
symmetric space is cyclic. This property gives a reduction of the associated flat
SO0(2, n+1) bundle to a SO(2)×S(O(1)×O(n))-bundle. From this reduction, one
can extract a ρ-equivariant map u : Σ˜→ H2,n that we show is a maximal space-like
embedding.
The uniqueness is proved using pseudo-hyperbolic geometry. Supposing the exis-
tence of two different ρ-equivariant maximal space-like embeddings, one can define
a causal distance as the distance given by time-like geodesics. By equivariance, one
can find a time-like geodesic segment between the two surfaces whose causal length
is maximal. One can thus use the negative curvature of H2,n to get a contradiction.
This contradiction is obtained using a maximum principle, and generalizes a result
of F. Bonsante and J.-M. Schlenker [BS10].
Finally, the Gauss map of the ρ-equivariant maximal surface u : Σ˜→ H2,n gives
a ρ-equivariant minimal surface in the Riemannian symmetric space.
This result has important consequences:
(1) It gives an explicit interpretation of all the connected components ofRmax(Γ, G).
(2) It proves (a generalization of) a conjecture of Labourie for maximal repre-
sentations in rank 2.
(3) It provides a natural complex structure on Rmax(Γ, G).
(4) It gives a way to construct geometric structures associated to maximal
representations (this aspect will not be treated here).
Remark 0.1. The case G = SO0(2, 2) is very particular. In fact, up to finite index,
SO0(2, 2) ∼= SO0(2, 1)×SO0(2, 1) and we get an identificationR
max(Γ, G) = T (Σ)×
T (Σ). From the work of G. Mess [Mes07], maximal representations in SO0(2, 2)
are holonomies of Globally Hyperbolic H2,1-structures on Σ×R (also called anti-de
Sitter). In this setting, our Main Theorem was proved by T. Barbot, F. Be´guin et A.
Zeghib [BBZ03]. The corresponding equivariant minimal surface in the Riemannian
symmetric space H2 × H2 is the graph of a minimal Lagrangian diffeomorphism
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between the corresponding hyperbolic surfaces (whose existence is due to R. Schoen
[Sch93]). The link between the two objects was made by K. Krasnov and J.-M.
Schlenker in [KS07].
Organization of the paper: The first section describes maximal representations
into a Hermitian Lie group. The second section introduces Higgs bundles for G =
SO0(2, n+1) and explain the non-Abelian Hodge correspondence. The third section
is devoted to the proof of the Main Theorem, while the fourth one describes all the
consequences.
1. Maximal representations
1.1. A main example: the Teichmu¨ller space. Denote by R2,1 the usual 3-
dimensional space R3 endowed with the signature (2, 1) quadratic form q defined
by q(x) = x21 + x
2
2 − x
2
3.
The Lie group SO0(2, 1), which is the connected component of the identity of the
group of orthogonal transformations of R2,1, acts by isometries on the hyperbolic
disk H2. Recall that
H
2 = P
(
{x ∈ R2,1, q(x) < 0}
)
⊂ RP2,
where P : R3 \ {0} → RP2 is the natural projection.
The corresponding character variety
R(Γ, SO0(2, 1)) := Hom(Γ, SO0(2, 1)) // SO0(2, 1)
is the quotient (in the algebraic sense) of the set of morphisms from Γ to SO0(2, 1)
by the action of SO0(2, 1) by conjugation. It is well-known that any conjugacy class
[ρ] ∈ R(Γ, SO0(2, 1)) contains a reductive representative.
Given a morphism ρ : Γ→ SO0(2, 1), there always exists a smooth map f : Σ˜→
H2 which is ρ-equivariant, that is satisfies:
∀x ∈ Σ˜, ∀γ ∈ Γ, f(γ.x) = ρ(γ)f(x).
Here, Γ acts on Σ˜ by deck transformations.
Given such a ρ-equivariant map f : Σ˜→ H2, the pull-back f∗vol of the volume
form on H2 by f is invariant under the action of Γ. In particular, f∗vol descends
to a closed 2-form on Σ, and one can define the Euler class of ρ by
e(ρ) :=
1
2π
∫
Σ
f∗vol.
The Euler class is an integer, independent of the ρ-equivariant map f and on
the conjugacy class of ρ. In particular, the Euler class defines a continuous map
e : R(Γ, SO0(2, 1)) −→ Z.
The Euler class satisfies the Milnor-Wood inequality [Mil58]:
∀[ρ] ∈ R(Γ, SO0(2, 1)), |e([ρ])| ≤ 2g − 2.
In his thesis, W. Goldman proved the following:
Theorem 1.1 (W. Goldman). The set e−1(2g−2) ⊂ R(Γ, SO0(2, 1) is canonically
identified with the Teichmu¨ller space T (Σ) of Σ.
In particular, representations ρ : Γ → SO0(2, 1) maximizing the Euler class are
holonomies of hyperbolic metrics on Σ (the so-called Fuchsian representations).
Note also that, by the uniformization theorem, the Teichmu¨ller space T (Σ) is also
the deformation space of complex structures on Σ and as such, is naturally a com-
plex manifold (which is not granted from the representation point of view).
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1.2. Generalizing the Teichmu¨ller space. A natural way to generalize the Te-
ichmu¨ller space of Σ is to replace the group SO0(2, 1) by another semi-simple Lie
group G. In that case, the character variety R(Γ, G) is defined in an analogous way,
and one wants to decide which representations will play the role of the Fuchsian
ones.
If G is of non-compact type and K ⊂ G is a maximal compact subgroup, we
denote by X := G/K the associated symmetric space. Recall that the Killing form
of the Lie algebra g of G naturally defines a Riemannian metric on X. With this
metric, X is non-positively curved and the rank of G, denoted rk(G), is defined to
be the largest k ∈ N such that the Euclidean space Rk embeds isometrically in X.
Definition 1.1. The Lie group G is of Hermitian type if the associated symmetric
space XG is a Ka¨hler manifold. If G is of Hermitian type, we denote by ω the
corresponding symplectic form on X.
Example 1.2. The groups Sp(2n,R), SU(p, q) (with p, q > 0) and SO0(2, n) are of
Hermitian type.
Given a Lie group of Hermitian type G and a morphism ρ : Γ → G, one can
mimic the definition of the Euler class and define the Toledo invariant of ρ by
τ(ρ) :=
1
2π
∫
Σ
f∗ω.
Here, f : Σ˜→ X is a ρ-equivariant smooth map.
We have the following:
Proposition 1.3 ([BIW03]). With the proper normalization of the symplectic form
ω, the Toledo invariant is an integer valued function and satisfies the Milnor-Wood
inequality
∀[ρ] ∈ R(Γ, G), |τ([ρ])| ≤ (2g − 2)rk(G).
Goldman’s Theorem motivates the following definition:
Definition 1.4. A representation ρ : Γ → G is maximal if τ(ρ) = rk(G)(2g − 2).
We denote by Rmax(Γ, G) the set of conjugacy classes of maximal representations
in G.
The set Rmax(Γ, G) is a union of connected components of R(Γ, G) and gives a
natural generalization of the classical Teichmu¨ller space.
Maximal representations share many geometric and dynamical properties with
Fuchsian representations. More precisely, any maximal representation ρ : Γ → G
is Anosov [BILW05] (as introduced by F. Labourie [Lab06] and O. Guichard, A.
Wienhard [GW12]) and so acts properly discontinuously and co-compactly on some
open set Ωρ ⊂ G/P , where G/P is a flag manifold (that is, P ⊂ G is a parabolic
subgroup). In particular, maximal representations are holonomies of geometric
structures.
In [CTT17], we use the techniques presented here to explicitly describe the quo-
tient Ωρ/ρ(Γ).
In these notes, we are interested in maximal representations into Hermitian
Lie groups of rank 2. Up to covering, those groups are PSp(4,R), PU(2, n) and
SO0(2, n) (with n ≥ 2). The following is a rigidity result for maximal representa-
tions
Theorem 1.2 ([BIW10]). Given a maximal representation ρ : Γ → G into a
Hermitian Lie group G, there exists a subgroup of tube type H ⊂ G and a compact
subgroup K ⊂ G such that ρ(Γ) ⊂ H ×K ⊂ G.
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Tube type Hermitian Lie groups of rank 2 are (up to covering) PSp(4,R), PU(2, 2)
and SO0(2, n). Using the exceptional isomorphisms PSp(4,R) ∼= SO0(2, 3) and
PU(2, 2) ∼= SO0(2, 4) (up to index 2), we obtain the following:
Corollary 1.5. Up to a compact factor, any maximal representation ρ : Γ → G
into a rank 2 Hermitian Lie group G factors through SO0(2, n) for some n ≥ 2.
In particular, we will study here maximal representations into G = SO0(2, n+1).
As explained in Remark 0.1, the case n = 1 is very special, so we will assume n ≥ 2.
2. Higgs bundles
Here we describe the non-Abelian Hodge correspondence for the Lie group G :=
SO0(2, n+1). Recall that G is the connected component of the identity of the group
of orthogonal transformations of R2,n+1. The subgroup K := SO(2)× SO(n+1) ⊂
G is a maximal compact subgroup and we denote by X := G/K the associated
symmetric space. A point x ∈ X corresponds to an orthogonal splitting R2,n+1 =
R2,0 ⊕ R0,n+1.
Given a Riemann surface structure X ∈ T (Σ) on Σ, we denote by O the trivial
holomorphic vector bundle over X and by K the canonical bundle. The slope of
a holomorphic vector bundle E → X is µ(E) = deg(E)rk(E) where deg(E) and rk(E) are
respectively the degree and the rank of E .
Definition 2.1. A GL(n,C)-Higgs bundle on X is a pair (E ,Φ), where E is a rank
n holomorphic vector bundle over X , and Φ ∈ H0(X,K ⊗ End(E)).
Such a Higgs bundle is stable if any Φ-invariant holomorphic sub-bundle F ⊂ E
satisfies µ(F) < µ(E). It is poly-stable if it is the direct sum of stable GL(nj ,C)
Higgs bundles with same slope.
We are interested here in G-Higgs bundle:
Definition 2.2. A G-Higgs bundle over X is a GL(n + 3,C)-Higgs bundle (E ,Φ)
such that:
• E reduces to a holomorphic SO(2,C) × SO(n + 1,C) bundle. That is,
E = U ⊕ W , where U is a rank 2 holomorphic vector bundle with triv-
ialization detU = O and a non-generate holomorphic quadratic form qU
(and similarly for W).
• Φ writes
(
0 η†
η 0
)
in the splitting E = U ⊕ W , where η ∈ H0(X,K ⊗
Hom(U ,W)) and η† is defined by the equation qW(ηx, y) = qU (x, η
†y).
A G-Higgs bundle is stable (respectively poly-stable), if it is as a GL(n+3,C)-Higgs
bundle.
Schematically, a G Higgs bundle (E ,Φ) will be written as follow:
(E ,Φ) = U
η
44 W
η†
vv
.
Using gauge theory, one can construct the moduli spaceM(X,G) of poly-stable
G-Higgs bundles over X . The main interest for us is the following correspondence,
called non-Abelian Hodge correspondence:
Theorem 2.1 (Non-Abelian Hodge correspondence). For any X ∈ T (Σ), there is
a canonical bijection R(Γ, G) ∼=M(X,G).
Sketch of proof. Fix ρ ∈ R(Γ, G) and consider the associated vector bundle
Eρ :=
(
Σ˜× R2,n+1
)
/Γ,
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where Γ acts diagonally on Σ˜ × R2,n+1 (by deck transformations on Σ˜ and via ρ
on R2,n+1). The bundle Eρ is naturally equipped with a flat connection ∇ and a
∇-parallel signature (2, n+ 1) metric g. The holonomy of ∇ corresponds to ρ.
A reduction of Eρ to a SO(2)×SO(n+1) bundle is given by a splitting Eρ = U⊕V ,
where U is a positive definite rank 2 vector bundle and V = U⊥. Such a splitting
defines a metric gU ⊕ (−gV ) on Eρ and is given by a ρ-equivariant map f : Σ˜→ X
where X is the symmetric space of G.
Given a Riemann surface structure X ∈ T (Σ), Corlette’s Theorem [Cor88] im-
plies the existence of a unique ρ-equivariant map f : X˜ → X which is harmonic,
that is, a map such that the (1, 0)-part of the differential df is a holomorphic section
of T ∗X ⊗ f∗TX⊗ C.
In particular, for each X ∈ T (Σ), we get a canonical splitting Eρ = U ⊕ V as
above. In such a splitting, the connection ∇ decomposes as
∇ = A+Ψ,
where A =
(
AU 0
0 AV
)
is unitary with respect to the metric gU ⊕ (−gV ), and
Ψ =
(
0 ψ†
ψ 0
)
, where ψ† satisfies −gV (ψx, y) = gU (x, ψ
†y).
The complexification E := Eρ ⊗ C together with the holomorphic structure de-
fined by the (0, 1) part of A and the C-linear extension q := qU ⊕ qW of gU ⊕ (−gV )
is a SO(2,C × SO(n + 1,C) holomorphic vector bundle. The (1, 0) part Φ of Ψ is
holomorphic, so the pair (E ,Φ) is a G-Higgs bundle.
Denoting by λ : E → E the anti-linear involution given by conjugation, we obtain
a Hermitian metric h on E defined by h(x, y) = q(x, λy). The flatness of ∇ gives
the Hitchin equations
FA + [Φ,Φ
∗h] = 0,
where FA is the curvature of the unitary connection A and Φ
∗h is defined by
h(Φx, y) = h(x,Φ∗hy). Hitchin-Simpson Theorem [Sim88, Hit87] thus implies that
(E ,Φ) is poly-stable.
Conversely, given a poly-stable G-Higgs bundle (E ,Φ), there exists a unique
Hermitian metric h on E such that FA + [Φ,Φ
∗h] = 0. Writing h(x, y) = q(x, λy)
for some anti-linear involution λ : E → E preserving the splitting E = U ⊕ W ,
we get that the flat connection ∇ := A + Φ + Φ∗h preserves the real sub-bundle
Eλ := Fix(λ) ⊂ E . This sub-bundle is endowed with a signature (2, n+ 1) metric
g := qU ⊕ (−qW) and the holonomy of ∇ gives a reductive representation ρ : Γ →
G. 
One can actually go further: given a poly-stable G-Higgs bundle (E ,Φ) over X ,
the SO(2,C) bundle (U , qU ) can always be decomposed as
(
L ⊕ L−1,
(
0 1
1 0
))
where L is a holomorphic line bundle. Moreover, the degree of L is equal to half of
the Toledo invariant of the associated representation ρ ∈ R(Γ, G).
In particular, one can decomposes η = (α, γ) : L ⊕ L−1 → W ⊗ K and η† =
(γ†, α†) :W →
(
L ⊕ L−1
)
⊗K.
When the Higgs bundle (E ,Φ) is associated to a maximal representation, the
degree of L is 2g − 2. By stability, both α and the composition
µ : L
α
−→W ⊗K
α†⊗Id
−→ L−1K2
are non-vanishing. In particular, µ ∈ H0(X,K2L−2) is a non-vanishing section of
a degree 0 line bundle, so K2L−2 ∼= O. Moreover, I := Im(α) ⊗ K−1 ⊂ W is a
non-isotropic line sub-bundle with I2 = O. Note also that L ∼= IK.
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Setting V the orthogonal of I inW and writing γ = (q2, β) : IK
−1 →
(
I⊕V
)
⊗K,
one obtains the following corollary:
Corollary 2.3. A G Higgs bundle (E ,Φ) over X associated to a maximal repre-
sentation ρ : Γ→ G decomposes as follow:
(E ,Φ) = IK
1
66 I
1
22
q2
tt
IK−1
q2
uu
β
uuV
β†
WW .
Here q2 =
1
2 tr(Φ
2) ∈ H0(X,K2) is a quadratic differential, I is a square root of the
trivial bundle and β ∈ H0(X, IK2V).
The quadratic differential q2 ∈ H
0(X,K2) in the previous parametrization has a
very nice geometric interpretation. Up to a factor 12 , it is the Hopf differential of
the associated equivariant harmonic map f : X˜ → X given by Corlette’s Theorem.
It measures the lack of conformality of the harmonic map. By a theorem of Eells-
Sampson [ES64], the Hopf differential vanishes if and only if f : X˜ → X is a minimal
immersion.
3. Proof of the main Theorem
3.1. Pseudo-hyperbolic geometry. Denote by R2,n+1 the real vector space Rn+3
endowed with the quadratic form q of signature (2, n + 1) given by q(x) = x21 +
x22−x
2
3− ...−x
2
n+3. The group G = SO0(2, n+1) is thus the connected component
of the identity of the group of orthogonal transformations of R2,n+1.
The pseudo-hyperbolic space H2,n is the set of negative-definite lines in R2,n+1:
H
2,n := P
(
{x ∈ R2,n+1, q(x) < 0}
)
,
where P : Rn+3 \ {0} → RPn+2 is the usual projection.
The quadratic form q induces a signature (2, n) metric of constant curvature −1
on H2,n. The group G acts by isometries on H2,n.
The boundary ∂H2,n of H2,n in RPn+2 is usually called the Einstein Universe. It
corresponds to the set of isotropic lines in R2,n+1 and carries a natural conformally
flat metric of signature (1, n).
The projection P : Rn+3 \ {0} → RPn+2 restricts to a 2-to-1 covering from the
quadric Ĥ2,n := {x ∈ R2,n+1, q(x) = −1} onto H2,n.
Complete geodesics in H2,n are the intersection of projective lines in RPn+2 with
H2,n. The quadratic form q on R2,n+1 gives a trichotomy for geodesics in H2,n:
• Space-like geodesics are the projection of signature (1, 1)-planes in R2,n+1.
They intersect ∂H2,n in two distinct points and the restriction of the metric
is positive definite.
• Time-like geodesics are projection of signature (0, 2)-planes in R2,n+1. They
do not intersect the boundary ∂H2,n and the restriction of the metric is
negative definite.
• Light-like geodesics are projection of degenerate planes in R2,n+1. They
intersect ∂H2,n in one point and the restriction of the metric is degenerate.
In particular, two points x, y ∈ Ĥ2,n are on a space-like (respectively time-like
and light-like) geodesic if an only if |〈x, y〉| > 1 (respectively |〈x, y〉| < 1 and
|〈x, y〉| = 1), where 〈., .〉 is the restriction of the quadratic form on Ĥ2,n ⊂ R2,n+1.
Maximal immersions. An immersion u : S → H2,n from a surface S into H2,n
is called space-like if the induced metric is positive definite. A maximal space-like
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immersion is a space-like immersion u : S → H2,n such that any local deformation
strictly decreases the area of the induced metric. As in Riemannian geometry,
an immersion is maximal if and only if the mean curvature vector field vanishes
everywhere.
The following can be found in [ES64] in the Riemannian setting:
Proposition 3.1 (Ells-Sampson). Given a Riemann surface structure X ∈ T (Σ)
on Σ, a space-like immersion u : X → H2,n is maximal if and only if it is harmonic
and conformal.
3.2. Existence part. Here, we prove the existence part of the Main Theorem:
Proposition 3.2. Given a maximal representation ρ ∈ Rmax(Γ, G), there exists a
ρ-equivariant maximal space-like immersion u : Σ˜→ H2,n.
Proof. Recall from Corollary 2.3 that, given a Riemann surface structure X ∈ T (Σ)
on Σ, the G Higgs bundle (E ,Φ) associated to ρ has the form
(E ,Φ) = IK
1
66 I
1
22
q2
tt
IK−1
q2
uu
β
uuV
β†
WW .
The quadratic differential q2 ∈ H
0(X,K2) vanishes if and only if the associated
equivariant harmonic map f : X˜ → X is minimal (recall that X = G/K is the
symmetric space of G).
Maximal representations are Anosov [BILW05], so in particular well-displacing
[GW12]. By a theorem of Labourie [Lab08], there exists a Riemann surface struc-
ture X ∈ T (Σ) such that the associated equivariant harmonic map f : X˜ → X is a
minimal immersion. In particular, the corresponding G Higgs bundle looks like
(E ,Φ) = IK
1
66 I
1
22 IK
−1
β
uuV
β†
WW .
Such a G Higgs bundle corresponds to very special point in the moduli space
M(X,G). Indeed, it is fixed by the action of the fourth root of unity by mul-
tiplication of the Higgs field Φ. As a consequence (see [Sim09, Col16]), the splitting
E = IK⊕IK−1⊕I⊕V is orthogonal with respect to the Hermitian metric h solving
the Hitchin equations.
In particular, the anti-linear involution λ : E → E such that h(x, y) = q(x, λy)
preserves IK ⊕ IK−1, I and V . The bundle Eρ = Fix(λ) thus splits orthogonally
as
Eρ = U ⊕ ℓ⊕ V,
where U is a positive definite rank 2 sub-bundle, ℓ is a negative-definite line sub-
bundle and V = (U ⊕ ℓ)⊥.
The line sub-bundle ℓ ⊂ Eρ corresponds to a ρ-equivariant map u : X˜ → H
2,n.
Using the explicit decomposition of the G Higgs bundle (E ,Φ), one can show that u
is harmonic and conformal, hence a maximal immersion (see [CTT17, Section 3.3]
for more details). 
Remark 3.3. The previous proof gives a way to associate a ρ-equivariant maximal
surface u : X˜ → H2,n to a ρ-equivariant minimal surface f : X˜ → X. Moreover,
the induced metric u∗gH2,n is conformal to f
∗gX. In Section 3.4, we use the Gauss
map to reconstruct the minimal surface f : X˜ → X from the maximal one.
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3.3. Uniqueness. Here, we sketch the proof of the uniqueness part in Main The-
orem:
Proposition 3.4. If ρ : Γ → G is a maximal representation, then there exists at
most one ρ-equivariant maximal space-like surface u : Σ˜ −→ H2,n.
Sketch of proof. Suppose there exist 2 different maximal surfaces S1, S2 →֒ H
2,n on
which ρ(Γ) acts co-compactly.
The idea is to define a causal distance between S1 and S2. This distance is
achieved by a time-like geodesic segment. In time-like directions, negatively curved
pseudo-Riemannian manifolds behave like their positively curved Riemannian coun-
terpart. In particular, one can use a maximum principle to show a contradiction.
More precisely, one starts to show that the lift of a ρ(Γ)-invariant space-like
surface to the double cover Ĥ2,n has two connected components. By choosing a lift
of Si to Ĥ
2,n (for i = 1, 2), one can define a function
B : S1 × S2 −→ R
(u, v) 7−→ 〈u, v〉
.
Here, 〈., .〉 is the restriction of the scalar product in R2,n+1. The function arccos(−B)
is the causal distance function.
By choosing the lifts of Si in a coherent way, one can show that B(u, v) < 0 for
any (u, v) ∈ S1×S2. By co-compactness of the action of ρ(Γ), there exists a couple
(u0, v0) ∈ S1 × S2 such that B(u0, v0) is maximum, and moreover B(u0, v0) > −1
(that is, the geodesic segment passing through u0 and v0 is time-like).
Given unit vectors u˙0 ∈ Tu0S1 and v˙0 ∈ Tv0S2, one can consider geodesic paths(
u(t)
)
t∈(−ǫ,ǫ)
and
(
v(t)
)
t∈(−ǫ,ǫ)
in S1 and S2 such that u
′(0) = u˙0 and v
′(0) = v˙0.
The second derivative B¨(u0, v0) of B
(
u(t), v(t)
)
at t = 0 is thus given by:
B¨(u0, v0) = 2〈u˙0, v˙0〉+B(Du˙0 u˙0, v0) +B(u0, Dv˙0 v˙0).
Here, D is the usual connection on R2,n+1. Because Ĥ2,n ⊂ R2,n+1 is umbilical,
the connection D evaluated at a point p ∈ Ĥ2,n decomposes as:
(DXY )p = (∇
Ĥ
2,n
X Y )p + 〈x, y〉p,
where ∇Ĥ
2,n
is the Levi-Civita connection of H2,n and X,Y are vector fields on
Ĥ2,n. In the same way, the connection ∇Ĥ
2,n
along Si decomposes as:
∇Ĥ
2,n
X Y = ∇
i
XY + IIi(X,Y ),
where ∇i and IIi are respectively the Levi-Civita connection and the second fun-
damental form on Si.
In particular, we get
B¨(u0, v0) = 2〈u˙0, v˙0〉+ 〈II1(u˙0, u˙0), v0〉+ 〈u0, II2(v˙0, v˙0)〉+ 2B(u0, v0).
Because S1 and S2 are maximal, the quadratic forms β1 : w 7→ 〈II1(w,w), v0〉
and β2 : w 7→ 〈u0, II2(w,w)〉 are trace-less. Writing their opposite eigenvalues by
±λ1 and ±λ2 respectively, we can assume λ1 ≥ λ2 ≥ 0. By choosing u˙0 such that
β1(u˙0) = λ1, we get that
〈II1(u˙0, u˙0), v0〉+ 〈u0, II2(v˙0, v˙0)〉 ≥ 0.
Now, using the fact that span(u0, v0) has signature (0, 2) and that the Si are space-
like, one can show that 〈u˙0, v˙0〉 ≥ 1, and we get
B¨(u0, v0) ≥ 2 + 2B(u0, v0) > 0.
The maximum principle then contradicts the maximality of B(u0, v0). 
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3.4. Gauss map. We explain here how to reconstruct a minimal surface f : X˜ → X
from a maximal one u : X˜→ H2,n.
Given a space-like surface S →֒ H2,n, the exponential map sends the fiber of the
normal bundle NS at a point p ∈ S onto a totally geodesic time-like projective
space RP0,n ⊂ H2,n. Such a time-like projective space in the projectivization of
a R0,n+1 in R2,n+1. In particular, the set on totally geodesic time-like projective
spaces in H2,n is canonically identified with the symmetric space X = G/K. It
defines the Gauss map:
G : S −→ X.
By a theorem of Ishihara [Ish82], the Gauss map of a maximal surface is har-
monic. In particular, the Gauss map of the ρ-equivariant maximal space-like surface
u : X˜ → H2,n is the ρ-equivariant harmonic map f : X˜ → X given by Corlette’s
theorem. By construction, this harmonic map is conformal and so is a minimal
surface.
4. Consequences
4.1. Characterization of the maximal components. For G = SO0(2, n + 1)
with n ≥ 2, the space Rmax(Γ, G) of maximal representations is not connected. It
has
• 2.22g connected components for n ≥ 3 ([GPMiR04]).
• 2.(22g − 1) + 4g − 3 connected components for n = 2 ([Got01]).
Our Main Theorem gives a nice interpretation of all these components: given
ρ ∈ Rmax(Γ, G), let u : Σ˜ → H2,n be the unique ρ-equivariant space-like maximal
surface. The pull-back bundle u∗TH2,n has the following orthogonal splitting:
u∗TH2,n = T Σ˜⊕N Σ˜.
Because u is space-like, the normal bundle NΣ := N Σ˜/ρ(Γ) is a (negative definite)
O(n)-bundle over Σ. By uniqueness of u, the topological invariants of NΣ give
invariants of the representation ρ.
Recall the following:
• For n ≥ 3, the topology of an O(n)-bundle over Σ is classified by its first and
second Stiefel-Whitney classes w1 ∈ H
1(Σ,Z/2Z) and w2 ∈ H
2(Σ,Z/2Z)
(giving 2.22g possibilities).
• For n = 2, an O(2)-bundle with zero first Stiefel-Whitney class reduces to
an SO(2) bundle and the topology of an SO(2)-bundle over Σ is classified
by its degree d ∈ Z. In our case, one can show that the degree of NΣ is
between 0 and 4g − 4 (giving a total of 2(22g − 1) + 4g − 3 possibilities).
It turns out that each one of these topology arises as the topology of the normal
bundle NΣ, and these new invariants characterize the connected components of
Rmax(Γ, G).
4.2. Labourie’s conjecture. Labourie’s conjecture [Lab08] was originally stated
for Hitchin representations:
Conjecture 4.1 (Labourie). Given a Hitchin representation ρ : Γ→ G into a real
split Lie group G, there exists a unique ρ-equivariant minimal immersion f : Σ˜ →
X, where X = G/K is the symmetric space of G.
The main motivation was to give a parametrization of the Hitchin component as
a complex vector bundle over the Teichmu¨ller space. This conjecture was proved by
Schoen [Sch93] for SO0(2, 2), by Loftin [Lof01] and independently Labourie [Lab07]
for SL(3,R) and by Labourie [Lab17] for any Hitchin representation in a rank 2
real split Lie groups.
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It is natural to extend the conjecture to maximal representations. Our Main
Theorem implies the following:
Proposition 4.2. Given a maximal representation ρ : Γ → G, where G is a
Hermitian Lie group of rank 2, there exists a unique ρ-equivariant minimal surface
f : Σ˜→ X, where X = G/K is the Riemannian symmetric space of G.
Proof. By Corollary 1.5, it suffices to restrict ourselves to the caseG = SO0(2, n+1).
As explained in Section 3.2, the existence was known. For the uniqueness, note
that our construction associate a ρ-equivariant space-like maximal surface u : Σ˜→
H2,n to any ρ-equivariant minimal surface f : Σ˜→ X. Recall also (see Remark 3.3)
that the induced metric u∗gH2,n is conformal to f
∗gX. By the uniqueness part of the
Main Theorem, if there exist two ρ-equivariant minimal surface f1, f2 : Σ˜→ X, the
induced metrics f∗i gX are conformal. However, minimal immersion are harmonic,
so the uniqueness part of Corlette’s theorem implies that f1 = f2. 
4.3. Complex structure on Rmax(Γ, G). A main motivation to Labourie’s con-
jecture for Hitchin representations is to get a Mapping Class Group invariant
parametrization of the Hitchin component by a holomorphic vector bundle over
the Teichmu¨ller space. In particular, if the conjecture is true, one would get a
natural complex structure on the Hitchin component.
For the case of maximal representations, using Higgs bundles theory, one could
parametrize the components of maximal representations as a bundle over the Te-
ichmu¨ller space. In general, the fiber of this bundle would be singular complex
manifolds.
In a recent work, D. Alessandrini and B. Collier [AC17] adapted a construction
of Simpson [Sim94a, Sim94b] to obtain the following:
Proposition 4.3 (Alessandrini-Collier). The space of maximal representations
Rmax(Γ, G) of Γ into a Hermitian Lie group of rank 2 admits a Mapping Class
Group invariant parametrization by a bundle B → T (Σ). Moreover, B carries a
natural complex structure.
Sketch of proof. Consider the Universal Moduli space of maximal G Higgs bundle
π :Mmax(U , G) −→ T (Σ),
whose fiber π−1(X) is the moduli space of G Higgs bundles over X parametrizing
Rmax(Γ, G) via the non-Abelian Hodge correspondence.
Recall that a G Higgs bundle (E ,Φ) is associated to an equivariant minimal
surface f : X˜ → X if and only if tr(Φ2) = 0 (see Corollary 2.3).
Proposition 4.2 implies that the non-Abelian Hodge correspondence gives a bi-
jection between Rmax(Γ, G) and
B :=
{
(E ,Φ, X) ∈Mmax(U , G), tr(Φ2) = 0
}
⊂Mmax(U , G).
It thus gives an equivariant parametrization of Rmax(Γ, G).
Using a result of Simpson [Sim94a, Sim94b], Alessandrini and Collier showed
thatMmax(U , G) carries a canonical complex structure. Moreover, the sub-bundle
B ⊂ Mmax(U , G) is given by the equation tr(Φ2) = 0 which is a holomorphic
equation. It follows that B is a holomorphic sub-manifold. 
Finally, let us just remark that the space Rmax(Γ, G) of maximal representations
carries a natural symplectic form called the Goldman symplectic form. It would be
interesting to understand if this symplectic form is compatible with the complex
structure, in order to try to construct a Ka¨hler structure on Rmax(Γ, G).,
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